Introduction
In early 1980'th, the first named author, in the study of the period map associated with a primitive form [S3, S4] , found certain differential geometric structure on the base space of a universal unfolding of an isolated hypersurface singularity. He called it the flat structure because that the structure contains a flat metric (bi-linear form) on the tangent bundle of the base space as its basic ingredient.
The finding of the flat structure was inspired from the same structure already found by the same author on the quotient variety of a finite reflection group [S1] [S-Y-S] where the invariant functions were called the flat invariants (c.f. [Du-Z] , [S7] , [S9] , [Sat] ). The introduction of these flat structures was motivated from the study of period map [S6] , where one needs a particular coordinate system on the deformation parameter space, called the flat coordinates (see [S10] and its references for the classical examples).
The same structure was found by B. Dubrovin in his study of 2-dimensional topological field theories [Du] in order to study WDVV equations and their relation with integrable systems. The structure is axiomatized under the name of a Frobenius manifold structure because of the Frobenius ring structure on the tangent bundle (see [He1] , [Ma1] , [Sab] ). In the present paper, for simplicity, we shall call a manifold with a flat structure, or, equivalently, a manifold with a Frobenius structure a Frobenius manifold.
As we observed, there are several constructions of Frobenius manifolds (c.f. [Ma1] ).
There are roughly three classes of geometric origins: invariant theories of Weyl groups, quantum cohomologies and deformation theories of complex varieties. Frobenius manifolds coming from different classes look, at a glance, different, however, they sometimes happen to coincide. Actually, mirror symmetry gives isomorphism between the Frobenius manifold from the quantum cohomology of a variety and that from the deformation theory of another variety. It is interesting to study the isomorphism since it provides unexpected information such as number of curves in the variety [CDGP] .
By homological mirror symmetry conjecture by Kontsevich [Ko] , these isomorphisms of Frobenius manifolds are expected to be derived from equivalences of triangulated (or A ∞ -) categories, in particular, it is expected that we can construct Frobenius manifolds from deformations of these categories in a unified way.
Although the original construction in [S3, S4] of the flat structure by the use of a primitive form is formulated only to the deformation space of germs of hypersurface isolated singularities, the construction itself, using the semi-infinite Hodge structure, is of general nature. It can be applied as the prototype to many other settings including the one in homological mirror symmetry, and has inspired several works on the semi-infinite Hodge theory ( [G] , [Ba] , [Ba-Ko] , , [Do- Sab 2] , [He2] , [I] , [Ka- Ko-P] , [Ko-So] ).
Since this way of construction of the Frobenius manifold was not stated explicitly in the literature, the present paper tries to fill this lack of literatures. Namely, in section 2 of the present paper, we recall the axioms of the Frobenius manifold. In sections 3-6, we recall the construction and the definition of the primitive forms by a use of semi-infinite Hodge structure, and then in section 7 we show how a Frobenius manifold structure is deduced form a primitive form.
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Flat structure and Frobenius Manifold Structure
In the present section, we recall the axioms of the Frobenius manifold structure, i.e. that of the flat structure, on a manifold M . For simplicity, we shall call such M a Frobenius manifold. Then, we state some of the immediate consequences of the axioms. O M -algebra structure with the unit e, and E is a holomorphic vector field on M , called the Euler vector field, which are subject to the following axioms:
• The product • is self-adjoint with respect to η: that is,
• The tensor C :
• The unit element e of the •-algebra is a ∇ /-flat holomorphic vector field: that is,
4)
• The product • and the metric η are homogeneous of degree 1 and 2
respectively, with respect to Lie derivative L E of Euler vector field E: that is, Let us consider the space of horizontal sections of the connection ∇ /:
which is, due to (2.2), a local system of rank µ on M such that the metric η takes constant 
for any system of flat coordinates. In particular, one has
Spectrum, Exponents and Weight.
Let M be a Frobenius manifold of rank µ. The gradient ∇ /E of the Euler vector field
From Axioms, one sees easily that it is flat: ∇ /(∇ /E) = 0, and, hence, it induces a C-endomorphism of the flat subspace T f M . In the sequel of the present paper, we shall assume that the endomorphism is semi-simple. Let 1−q 0 , · · · , 1−q µ−1 be the eigenvalues of the endomorphism at any point (independent of the point due to the connectivity of M ), where we normalize q 0 = 0 since ∇ / e E = e. By using suitable flat (ii) Let us fix a non-negative integer w ∈ Z ≥0 , called a weight of the manifold M .
Depending on a choice of a weight w, we define the minimal exponent by r := (w − d)/2 ∈ C and the set of exponents by the eigenvalues r + q 0 , · · · , r + q µ−1 of the endomorphism N := −∇ /E + (r+1) · id T M (see section 7 for the meaning of r and N ).
Universal Unfolding of Isolated Singularities
In the following sections 3-6, we introduce the concept of a primitive form.
In the present section, we define a universal unfolding of an isolated singularity and give its basic properties. As we shall see, the concept of a universal unfolding already induces an algebra structure on the tangent bundle of its base space and a concept of the Euler vector field on it. The fiber dimension of the unfolding shall give the weight in the definition of the exponents in Definition 2.4. However, the minimal exponent and the flat metric will be introduced later in section 6 depending on a choice of a primitive form.
Universal Unfolding.
Let f (x) = f (x 0 , · · · , x n ) be a holomorphic function defined on a neighborhood of the origin in C n+1 with f (0) = 0. Assume that
is of finite rank, say µ, over C. This is equivalent to that the function f defined on C n+1 , 0 has an isolated critical point at the origin 0, or equivalently, the germ of the hyper surface
at the origin has at most an isolated singular point at the origin. The universal unfolding of f is an extension F of f defined on C n+1 ×C µ extended by µ dimensional parameter t ∈ C µ defined as follows, where we denote by
the projection map from the total space to the parameter space.
Definition 3.1 ( R. Thom [Th] ). A holomorphic function F defined on a neighborhood
(ii) There exists an O S,0 -isomorphism
where δ is a lifting on C n+1 ×C µ of a vector field δ with respect to the projection p.
Fact 3.2. For any germ of holomorphic function f defining an isolated singularity at the origin, there exists a universal unfolding.
Proof. Choose a system of holomorphic functions 1 =:
) and set a function
defined in a neighborhood of (0, 0), where (t 0 , . . . , t µ−1 ) is a coordinate system of C µ .
Let F (x, t) be a universal unfolding of f . By fixing a domain X and a range C δ of F and a (small) open set S ⊂ C µ of the unfolding parameters t ∈ C µ , we consider the
which defines a flat family of hyper surfaces where the fiber over 0 is isomorphic to the singularity X 0 := {f = 0} and generic fibers are somethings of X 0 containing vanishing cycles to the singularity. This is achieved as follows. Let us fix
For positive real numbers r, δ and , put
For the choice 1 r δ > 0 of the radius, we have (i) p : X r,δ, → S is a smooth Stein map, which is topologically acyclic.
(ii) The holomorphic map
is a flat Stein map, whose fibers are smooth and transversely to ∂X r,δ. at each point of ∂X r,δ. . The fiber ϕ −1 (0)∩X r,δ. over 0 has only an isolated singular point isomorphic to X 0 and is contractible to a point.
We study some basic properties of the family ϕ (3.5) in the following 3.2, 3.3 and 3.4. At each step and also at the study of de Rham cohomology groups in section 4, we need to choose the constants r, δ and suitably. Since it is cumbersome to state about the choice at each time, we fix the constants once for all and put X := X r,δ,ε and S := S ε .
Critical Set C and Product Structure on T S .
Let the setting be as in 3.1. Let us denote by C the critical set of the family (3.5), or, equivalent to say, the relative critical set of F with respect to the projection p. That is, C is the support of the sheaf:
The assumption that f has an isolated singularity implies C ∩ p −1 (0) = {(0, 0)}, and, hence, p| C is a proper finite map. Actually,
form a regular sequence at the origin and C is Cohen-Macaulay of dimension equal to that of S so that C → S is a flat finite cover. Therefore, p * O C is a locally free sheaf on S of rank µ.
The universality (ii) of the unfolding F , implies the the following O S -isomorphism:
By this isomorphism, the tangent bundle T S naturally obtains an O S -algebra structure.
Definition 3.3 (Product on T S ).
We shall denote by • the induced product structure on T S . Namely, for δ, δ ∈ T S , we have
• is called the residual product.
Note 3.4. Originally [S 2,3,4,5] , the product • was denoted by * and called the * -product.
form a regular sequence, the complex (3.9) is quasi-isomorphic to
Primitive Vector Field and Euler Vector Field.
Through the isomorphism (3.7), we introduce two particular vector fields on S.
Definition 3.6. The vector field δ 0 on S corresponding to the unit 1 ∈ O C is called the primitive vector field. That is, δ 0 F | C = 1. The vector field E on S corresponding to
Discriminant Locus and Milnor's Fibration Theorem.
The image of the finite map ϕ| C is a one-codimensional analytic subvariety (i.e. a divisor) in C δ × S, which we shall denote by D and call the discriminant locus of the unfolding F . The following is due to J. Milnor and H. Hamm (c.f. [Mi] ):
Theorem 3.7. The restriction ϕ| X \ϕ −1 (D) is a locally trivial fibration, whose general fiber ϕ −1 (t) for t ∈ S\D is homotopic to a bouquet of µ copies of n-sphere S n .
Corollary 3.8. Fix a point (w 0 , t) ∈ ∂C δ × S and set X t := p −1 (t) and B t := ϕ −1 (w 0 , t).
Then one has
This leads us to study relative de Rham cohmology groups of the family (F, p : X → S)
as the residues of the forms on X , and, hence, to a primitive form.
Filtered de Rham Cohomology Groups
We study the relative de Rham cohmology group of the family p : X → S in a non-classical manner. Let the setting (F, p : X → S) be as in section 3. Let us consider the complex:
of sheaves on X , where d X /S is the classical de Rham differential relative to the morphism p : X → S, δ w is a formal variable which commutes with the wedge product and with the differentiation d X /S , and we set Ω
Since p is a Stein map and the singularities of the family ϕ are isolated, the direct image Rp * of (4.1) is pure n + 1-dimensional, that is, its only non-vanishing cohomology group is
Definition 4.1. We set
and call it the filtered de Rham cohomology group of the universal unfolding (F, p : X →
S).
The direct image Rp * of the truncation (Ω
of the complex (4.1) for k ∈ Z is again pure n + 1-dimensional and its cohomology group
w ]]-free module of rank µ. One can show further that they are naturally submodules of H F so that they form an increasing and exhaustive filtration of H F
· · · ⊂ H
such that H F is complete with respect to the filtration.
The multiplication of δ w induces an O S -isomorphism
The kth graded piece gr
of the filtration (4.5) is isomorphic to
w , where r (0) is given by the natural short exact sequence:
Note 4.2. Let π is the natural projection:
was first considered by Brieskorn [B] , where he further in-
where H 0 is known as the Brieskorn lattice.
We have the isomorphisms of the Brieskorn lattices with the filters of the filtered de Rham cohomology groups as follows (see [S5] 3.) That is, by choosing a form ζ ∈ Γ(X , Ω n+1 X /S ), we have O S -isomorphisms of three modules: 
for the classes of
These are the first approximation of the flat structure on T S (i.e., we have a Frobenius "algebra" structure). In order to assert the integrability of metric η, we need to choose and lift the class of ζ in Ω F to a good object in H
F , which is the primitive form, introduced in section 6.
Gauß-Manin Connection.
Likewise classical de Rham cohomology groups, we introduce the Gauss-Manin connection on the filtered de Rham cohomology group H F , where the covariant differentiation is defined not only for the vector fields on S but also for the derivation of the formal vari- (4.12) which naturally carries the Lie algebra structure by extending that on T S and by letting d dδw commute with T S , where we note that
Definition 4.4. We define a connection, which we call again the Gauß-Manin connection,
From the definition, we immediately have the followings:
Proposition 4.5. (i) The Gauss-Manin connection is integrable:
(ii) The Gauss-Manin connection satisfies the following transversality condition: 
It will be very important to consider H (i)
F as a deformation of a sheaf on the formal line A and the fiber at δ
1 In the original formulation [S3, S4] , the covariant differentiation with respect to the variable δ w was not explicitly used, but implicitly by the use of the formula (4.14a) and the higher residue pairings (see section 5, [S5]). In the present paper, we make the use of that covariant differentiation explicit. 
Higher Residue Pairings
In this section, we claim an existence of a non-degenerate
w ]][δ w ] pairing on the filtered de Rham cohomology group H F , which we call the higher residue pairing, since it extends the classical residue pairing (4.11) to the infinite sequences.
Definition and Existence of Higher Residue Pairings.
Let (F, p : X → S) be as in section 3 the data of a universal unfolding of f , and let H F be its filtered de Rham cohomolgy group given in section 4. To state the result, let us fix a notation:
Theorem 5.1 (K. Saito [S5]). There exists a unique, up to a constant factor, O S -bilinear form:
satisfying the following properties:
(iii) The following diagram is commutative:
(v) For all ω 1 , ω 2 ∈ H F and for any δ ∈ T S ,
We define K
F for k ∈ Z by the k-th coefficient of the expansion in δ w : 2) and call it the k-th higher residue pairing.
Remark 5.2. The conditions (K3) and (K4) together are equivalent to say that K F is flat with respect to the Gauß-Manin connection ∇.
Primitive Forms
In the present section, we introduce the concept of a primitive form and show its local existence. Let (F, p : X → S) be a universal unfolding of f .
Definition and Existence of Primitive Forms.
For an element
F ) and k ∈ Z, we put ζ
Definition 6.1 (K. Saito [S3, S4] ). An element
F ) is called a primitive form if it satisfies the following five conditions:
(ii) For k ≥ 1 and for all δ, δ ∈ T S ,
(iii) There exists a constant r ∈ C such that
(iv) For k ≥ 2 and for all δ, δ , δ ∈ T S ,
Theorem 6.2 (M. Saito [SM] ). There exists a primitive form ζ (0) .
The construction of a primitive form ζ (0) consists of two steps. The first step is to show the existence of "a primitive form at the origin". Let us denote by H 
1)
Remark 6.4. In this first step, one should choose and fix exponents of f , which is one of most delicate issue in the construction of a primitive form.
Note 6.5. In order to prove the above Lemma, we have to solve the Riemann-HilbertBirkhoff problem: we have to show the existence of a flat vector bundle H f of rank µ
). This is done by choosing a good opposite filtration S to H w S. The notion of the above opposite filtration is implicitly used in [SM] , and is now the basic of the construction of primitive forms for general settings (c.f. [Ba] , [He1] , [Do-Sab 1], [Do- Sab 2] , [Sab] 2) where ζ := t (ζ 0 , . . . , ζ µ−1 ).
(iii) For any δ ∈ T S , there exists a matrix
Once we have the above two Lemmas, we obtain a primitive form ζ (0) as ζ 0 .
Remark 6.7. For a given universal unfolding of an isolated singularity, the primitive form may not unique (up to a constant factor). For instance, simply elliptic singularity admits a one-parameter family of primitive forms ([S3] ). It is still an open question to determine the space of all primitive forms for a given universal unfolding. The above construction depends on a choice of (the phases) of exponents, where some "wild" choice of exponents is still allowed. One expects that certain "tamed" class of primitive forms are to be constructed through an (infinite dimensional) Lie algebras, and some works are
Construction of Frobenius Manifold Structures via Primitive Forms
Let (F, p : X → S) be a universal unfolding of f . In the present section, we construct a Frobenius manifold structure on S depending on a choice of a primitive form ζ (0) .
First, we give some direct consequences of the notion of primitive forms.
Important Properties of Primitive Forms.
Let us fix a primitive form ζ (0) . Note that, by (P1),
is an O S -isomorphism.
Proposition 7.1. The bilinear form (again denoted by η F ) on T S defined by
is symmetric and nondegenerate.
The property (P2) implies the following:
Moreover, the conditions (P1), (P2) and (P4) imply the following:
Similarly, the conditions (P1), (P2) and (P5) imply the following:
Therefore, we obtain the following the main result of the present paper: Lemma 7.12. For δ, δ ∈ T S , we have
. The property (S2) with the flatness ∇K F = 0 imply the following two:
Proposition 7.15 (Product • is η F -invariant).
14)
Proposition 7.16 (Connection ∇ / is metric). Lie E (η F ) = (2 − (n + 1 − 2r))η F . (7.17)
We have verified all axioms of Frobenius manifold.
Appendix
It is expected from homological mirror symmetry conjecture that one can construct
Frobenius manifolds from deformations of Calabi-Yau A ∞ -categories in a unified way. As is already written in Introduction, although the original construction, explained in this paper, of the Frobenius manifolds based on filtered de Rham cohomology groups, higher residue pairings and primitive forms is formulated only to universal unfoldings of isolated hypersurface singularities, several notion and the idea of this construction is of general
